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NASA TT F-14,046 

VISUALIZATION OF PHASE OBJECTS 
BY HILBERT TRfWSFOW 

Y .  Belvaux and J. C. Vareillel 

ABSTRACT. The H i l b e r t  transform allows spall phase s h i f t s  
t o  be c l e a r l y  exhib i ted .  
t h e  p rope r t i e s  of images obtained by Hi lbe r t  transform and 
a l s o  t h e i r  development as a function of  d i f f e r e n t  experimen- 
t a l  parameters.  The Hi lbe r t  transform i s  obtained by p lac ing  
a "phase knife" i n  t h e  s p e c t r a l  plane of a double d i f f r a c t i o n  
se tup .  
t h e  phase kn i f e  must be placed and centered i n  the  s p e c t r a l  
plane and the  e f f e c t  of  width of source used. Experimental 
r e s u l t s  are provided confirmipg t h e  t h e o r e t i c a l  s tudy.  

In t h e  present  a r t ic le  we study 

In addi t ion ,  w e  examine the  p rec i s ion  with which 

INTRODUCTION 

There are a g rea t  many methods of d i sp lay ing  phase ob jec t s ,  each one /149* 

having i t s  own f i e l d  o f  appl ica t ion .  

r u l e ,  t h a t  t h e  s tudy of wide ob jec t s  with small phase s h i f t s  and slow 
va r i a t ions  is d i f f i c u l t  whatever method i s  used. 

However, it can be s a i d ,  as a general  

Some devices ,  such as t h e  Twyman-Green method and in te r fe rometry  i n  

polar ized  l i g h t ,  use two-wave in t e r f e rences  [1, 2, 31. The methods 

of  interferometry using po la r i ze4  l i g h t  are q u i t e  s e n s i t i v e .  However, i n  
t h e  case before  us here involving slow phase v a r i a t i o n s  with wide ob jec t s ,  

t h e i r  use i s  l imi ted .  

Another type of  method uses t h e  p rope r t i e s  of double d i f f r a c t i o n  se tups  

[ a ]  such as  phase c o n t r a s t ,  in te r fe rometer  photography o r  t h e  Foucault 
method [ a ,  4,  51. The Hi lbe r t  transform method [6, 131 belongs t o  

t h i s  type.  

Interferometer  photography and phase con t r a s t  introduce i n t o  t h e  s p e c t r a l  

plane o f  a double d i f f r a c t i o n  se tup  [7, 83 a band or a capsule  which i s  
. .  

lCoherent Optics Laboratory of t h e  Optics I n s t i t u t e  of t h e  Facul ty  of Sciences . 

"Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  fore ign  t e x t .  
of Orvay . 
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e i t h e r  opaque ( in t e r f e romete r  photography) o r  absorbing and phase s h i f t i n g  

(phase c o n t r a s t ) .  There i s  then a "skip zone" f o r  low s p a t i a l  frequencies.  

In  o r d e r  t o  s tudy  t h e  d i s t o r t i o n s  a t  low f requencies ,  i t  is  p o s s i b l e  

t o  seek t o  use a phase k n i f e  c o n t r a s t  method. 
f r i n g e s  appear. In  p r a c t i c e ,  t h e  Foucault method 19, 103 is  used almost 

exc lus ive ly .  

However, d i s t u r b i n g  d i f f r a c t i o n  

The Foucault method allows a very clear v i s u a l j z a t i o n  of t h e  wave s u r f a c e  

when phase s h i f t s  are g r e a t  and when it  is  p o s s i b l e  t o  keep t o  one geometric 

argument [ll].  In t h e  case of  small phase s h i f t s ,  d i f f r a c t i o n  should be taken 
i n t o  account and t h e  H i l b e r t  transform then comes i n t o  t h e  c a l c u l a t i o n s  as a 

n a t u r a l  consequence. 

r e a l i t y  a combination o f  t h e  ob jec t  and t h e  H i l b e r t  transform o f  t h i s  o b j e c t .  

I t  seems n a t u r a l  then t o  t r y  f o r  r e l i e f  from t h e  o b j e c t  a t  t h e  same time keeping 

We can prove (91-6) t h a t  t h e  Foucaultgram i s  i n  

' 

/150 
_c__ 

only t h e  t"effective'9 part  of t h e  phenomenon. 
transform IT,  H.) can be implemented using a source a f  white l i g h t  [ 1 2 ] .  

Moreover, t h e  H i l b e r t  

The purpose a €  t h i s  a r t i c l e  i s  to show t h e  p r o p e r t i e s  of  images obtained 
by t h e  H i l b e r t  transform and a l s o  t h e i r  development as a func t ion  o f  d i f f e r e n t  

parameters. 

The H i l b e r t  transform is  obtained by placiQg a "phase s h i f t "  i n  t h e  s p e c t r a l  

p lane  of  a double d i f f r a c t i o n  se tup .  In t h e  following pages w e  s tudy  t h e  
p rec i s ion  with which t h e  phase kn i f e  must be prepared, t h e  p r e c i s i o n  with 

which it  must be centered i n  t h e  s p e c t r a l  plane,  gs well as t h e  e f f e c t  o f  t h e  

width o f  source  used. 

Experimental r e s u l t s  confirming t h e  t h e o r e r i c a l  s t u d i e s  are given. 

1. The H i l b e r t  Transform i n  Optics 

1.1. Def in i t i on  o f  t h e  H i l b e r t  Transfoem 

The H i l b e r t  t ransfonp o f  am f ( x )  func t ion  of  a v a r i a b l e  x is  mathematically 

defined by: 

Y 

v.p. meaning "pr inc ipa l  value" i n  the Cauchy sense .  , 
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The expression can a l s o  be w r i t t e n ,  i n  t h e  sense o f  d i s t r i b u t i o n :  

where * means convolution product.  

Such a convolut ion product can bg achieved very simply by us ing  a 
double d i f f r ac t j -on  s e t u p  with coherent o p t i c s  (Figure 1). 

Figures 1 and 2 .  Flow Chart .  The f i l t e r  i s  placed 
wi th in  the  s p e c t r a l  plane P.  

A l e n s  Lo forms a t  S t h e  image o f  a fqaused spurce So .  The plane P 

perpendicular  t o  the  ax i s  of t h e  s y s t e p  a t  S i s  t h e  s p e c t r a l  p lane .  
lens L forms a t  n t h e  image o f  ob jec t  plane no. 

A second 

When t h e  funct ion f (x )  t o  be processed is introduced i n t o  t h e  plane n o  
( f o r  example, i n  t h e  form o f  a photographic t ransparency of  t ransmi t tance  with 
amplitude fCx), we ob ta in  t h e  Four ie r  t ransform o r  t h e  F(u) spectrum of t h e  

ob jec t  f ( x )  i n  plane P .  

1.n t h e  absence o f  a f i l t e r ,  a second d i f f r a c t i o n  g ives  i n  t h e  plane II 
t h e  image of f (x )  which i s  p e r f e c t l y  i d e n t i c a l  t o  t h e  o b j e c t ,  provided we 

d is regard  the  bandpass l i m i t a t i o n  owing t o  t h e  f i n i t e  s e t t i n g  of l e n s  L. 

3 



I Y 

In o rde r  t o  o b t a i n  a t  17 t h e  H i l b e r t  transform o f  ob jec t  f ( s ) ,  i t  is 

enough, s i n c e  t h e  o p t i c a l  f i l t r a t i o n  i s  a l i n e a r  f i l t r a t i o n ,  t o  p lace  i n  thc 

s p e c t r a l  p lane  P a f i l t e r  ichose percuss iona l  response i s  1;s. i . c . ,  3 f i l t c r  

whose transparency i s  t h e  Four ie r  transform of l / x ,  s i n c e  this trawffuriiiat it>n 

i s  r e c i p r o c a l ,  Such a f i l t e r  exists and i t s  t ransmit tance i n  amplitude i s :  

with 

H(uf = i sgn(u) 

sgh(u) = +1 f o r  u > 0 

= -1 f o r  u < 0. 

it  is  a l so  poss ib l e  t o  express t h e  sgn (u) func t ion  by using t h e  Heavyside 

s c a l e  u n i t  rcu) whose Four ie r  transform i s  known, and which provides two 

r e l a t i o n s  which w i l l  be use fu l  l a te r  on: 

TF :: Fsusies trmsforrn 

w h e ~ e  bQx]  depicts the Dirac measurement and it: follows that  

I t  can be seen t h a t  s i n c e  t h e  s o l u t i o n  of t h e  H i l b e r t  transform i s  a l i n e a r  
f i l t r a t i o n ,  a l l  t h e  known p r o p e r t i e s  o f  l i n e a r  f i l t r a t i o n  are app l i cab le .  

Espec ia l ly ,  s i n c e  t h e  f i l t e r  gain is with a u n i t a r y  modulus, a l l  t h e  energy 

i s  found i n  t h e  s t r e a k  o f  l i g h t .  

transform and *(XI f o r  t h e  H i l b e r t  transform: 
Indeed, when f ( x )  has F(u) f o r  t h e  Four ie r  

4 
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Therefore,  we can see t h a t ,  contrary t o  Foucault methods of in te r fe rometer  /151 - 
photography phase con t r a s t ,  where a paSt of t he  energy i s  absorbed, t h e  t o t a l  

i nc iden t  energy i s  used here  t o  form the  image. 

1 . 2 .  The Hi lbe r t  Transform Allows Visua l iza t ion  of Small Phase S h i f t s  

Let us SHOW, i n  a first example, how t h e  H i l b e r t  transform he lps  t o  

v i s u a l i z e  small phase s h i f t s .  

Let f (x)  be an objec t  charac te r ized  by a small s inusoida l  phase v a r i a t i o n .  

with a 4 1. 

Such an ob j ect i s  wri t ten d is regard ing  terms of higher  order:  

o f  which it can be shown t h a t  t h e  Hi lbe r t  transform i s :  

D represent ing  t h e  width of t h e  ob jec t  f i e l d ,  i . e . ,  i n  fact t h e  diameter of 

t h e  lens Lo of Figure 1, 

Except i n  t h e  case o f  t h e  po in t s  loca ted  very c lose  t o  

t h e  last  term of (5) can genera l ly  be disregarded and t h e  i l lumina t ion  observed 
i n  t h e  plane I1 i s  

The phase s i n e  wave was transformed i n t o  an amplitude s i n e  wave. 

Therefore,  t h e  o p t i c a l  s o l u t i o n  o f  t he  Hi lbe r t  t ransform allowed t h e  v i s u a l i -  
za t ion  of t h e  s i n e  wave phgse ob jec t .  



F 

I t  should be noted t h a t  when t h e  l imi ted  ape r tu re  o f  t he  lens  L i s  

taken i n t o  account,  t h e  amplitude i n  plane XI i s  t h e  convolution o f  f l I ( x )  

through t h e  d i f f r a c t i o n  spot  d(x) of  L; a, response is  observed i n  plane n :  

f i ( x )  = SH(x)*d(x) ( 6 )  

The " i n f i n i t e  peaks" correspqnding t o  x = f D / 2  do not  e x i s t  any longer.  

In the  case o f  x = It D / 2 ,  w e  n o t i c e  an accumulation of l i g h t  which is  a 

standard phenomenon i n  t h e  Foucault type se tup .  

1 . 3 .  The Reduction Theorem 

Before consider ing t h e  case o f  ob jec t3  more comp1e)c than The one i n  t h e  

preceding paragraph, it i s  advisable  t o  show t h a t ,  although o p t i c a l  setups a r e  
two-dimensional, it i s  comect t o  perform a one-dimensional argument. 

reason, we w i l l  see t h a t  t he  reduct ion theorem proven by Linfoot i n  t h e  case 

o f  t he  Foucault method [ l o ]  i s  applied t o  any one-dimensional f i l t e r ,  
p a r t i c u l a r l y  i n  t h e  case o f  t h e  Hi lbe r t  transform. 

For t h i s  

Let us reproduce i n  perspec t ive  (Figure 2) t h e  flow cha r t  o f  Figure 1 
and d is regard  t h e  l i m i t a t i o n  o f  t h e  bandpass owing t o  t h e  Lens L, i . e . ,  
t h a t  we assume t h i s  lens  t o  have i n f i n i t e  s ize .  

Let E(x,y) be t h e  ob jec t  funct ion,  t h e  mechanism o f  t h e  image formation 
i s  w r i t  t en  : 

(73 

u and v are t h e  " spa t i a l  frequenciesf1 i n  t h e  s p e c t r a l  plane P and F(u,v) 

represents  t he  Fourier  transform of f (x,y) . 
I f  we introduce i n t o  plane P a one-dimensional f i l t e r  whose t ransmit tance 

i n  amplitude i s  a funct ion of u a lone HCu), t h e  char t  (7)  becomes: 

6 



The response is the re fo re  a convolution product only dea l ing  with t h e  

va r i ab le  x (y becomes a parameter).  

This c o n s t i t u t e s  t h e  reduct ion theorem allowing, when one-dimensional 

screens a r e  used, t h e  co r rec t ion  of ca lcu la t ions  with Fourier  transforms t o  a 
s i n g l e  dimension. 

The response obtained i n  plane x ' y '  i s  wri t ten:  

w i t h  

Therefore,  it can be seen that t h e  value sE t h e  response r i s  only a 

funct ion o f  t h e  value of function f on a p a r a l l e l  l i n e  with t h e  axis of 

t h e  x values of  y ord ina te .  

In t h e  spec ia l  case ,of t he  Hi lbe r t  transform, t h e  f i l t e r  

leads t o  a response: 

Y .  

"P 

/152 We have assumed t h a t  t h e  s p e c t r a l  plane P was n o t  l imi t ed .  This - 
approximation is  genera l ly  r i g h t .  

i m p o s s i b i l i t i e s  ( i n f i n i t e  i l lumina t ion)  when w e  consider  po in t s  loca ted  

on the  edges o f  t h e  objec t  f i e l d  def ined by the  diaphragm l i m i t i n g  t h e  

plane ll of Figure 2 .  When such a case occurs ,  i t  can always be assumed 

t h a t  t he  s p e c t r a l  plane is i n  fact  l imi ted  by a s l i t  with width a ,  placed 

p a r a l l e l  t o  ax i s  v ' (Figure 3 ) .  

Nevertheless,  it can lead t o  physical  

0 

We can then repea t  t h e  same proof ,  rep lac ing  H(u) by: 
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where 

where 

The response i s  i n  t h i s  case: 

r1 (x'  , y l )  = r ( x t  ? y 1 )  *b(x') . 

Figure 3 .  Limitat ion of the  Spec t r a l  Plane by a Large S l i t .  

We a r e  now going t o  be ab le  t o  apply these  resu l t s  t o  the  s tudy o f  
devices used t o  so lve  the  H i l b e r t  transform. 

1 .4 .  The Hi lbe r t  Transform o f  an Object with Uniform Transmittance 

This case i s  important f o r  i n  r e a l i t y  it shows loca t ion  of t h e  upper 

boundary of t h e  s t r a y  l i g h t  owing t o  d i f f r a c t i o n  present  i n  t h e  f i e l d  during 
observation of any ob j ect  . 

Here, t h e  objec t  can be t h e  ape r tu re  o f  diqphragm D l i m i t i n g  t h e  

spher ica l  wave coming from t h e  l e n s  Lo. 

p e r f e c t l y  sphe r i ca l  mir ror ,  i n  whose center of curvature  t h e  source S i s  set .  

The upper boundary o f  t h e  s t r a y  l i g h t  w i l l  be obtained, f o r  when a phase 
objec t  i s  introduced i n t o  t h e  aper ture  o f  t h i s  diaphragm, t h e  energy, i n  

i t s  image, i s  picked up on t h e  mount obeying t h e  r u l e  of conservat ion of  

energy ( 4 ) .  

I t  can a l s o  be t h e  mounting o f  a 
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In t h e  case of a c i r c u l a r  diaphragm 

x 
/(x) = rcct d, 

with 

For an objec t  of  another  shape, D w i l l  be a s p e c i f i c  funct ion o f  x ,  but  
t h e  ca l cu la t ions  t o  be done w i l l  remaip t h e  same. 

Let f (x )  = rect  x/D be t h e  object; function which we w i l l  assume t o  be 

centered on x = 0 fo r ,  s ince  t h e  H i l b e r t  transform i s  l inear  and homogeneous, 
a t r a n s f e r  o f  t h e  ob jec t  leads t o  a simple t r a n s f e r  o f  t h e  image. 

The response i n  plane 17 is:  

where 
n a  

P = m '  

Figure 4 .  
with the  Ordinate y Depends only on t h e  Object Function 
Along This S t r a i g h t  Line. 

The I l luminat ion Along a S t r a i g h t  Line 
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Since  t h e  product o f  convolution i s  commutative and s i n c e  the Hi lber t  

transform o f  s i n  px/px El41 i s  known, (15) i s  w r i t t e n :  

which a f te r  i n t e g r a t i o n  sugges ts :  

where Ci(x) r ep resen t s  t h e  i n t e g r a l  cos ine  of x defined f o r  x 3 0 by: 

/153 _._ We again f i n d  a s tandard r e s u l t  (5) which, when i n t e g r a l  cosines 

gene ra l ly  disregarded as soon as x i s  moved from i R/2 are not taken i n t o  
account, is  reduced t o :  

D 

x - -  
2 

The i l l umina t ion  i n  p lane  i s  then: 

When x tends towards D/2, t h e  development i n  series o f  Ci(x) t o  t h e  

v i c i n i t y  o f  0 b r ings  

= i I x +  + Y  

where y i s  t h e  Eu le r  cons tan t .  
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Figure 6. Observation of a Volume OF Heated Air. a) Hi lbe r t  transform, 
b) Foucaul t  method. 
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Specia l  case. The p e r f e c t l y  t r anspa ren t  c i r c u l a r  o b j e c t .  I t  is  enough 

t o  take up D = 47 /4 -y2  i n  (17) .  I t  can be seen t h a t  t h e  isophotes  are curves 

such t h a t :  

These are e l l i p s e s  with axis oy. We f ind ,  t o  approximately oge a d d i t i v e  

[ lo]  i n  t h e  Case of  t h e  Foucault cons tan t ,  t h e  r e s u l t  obtained by Linfoot 

method. 

Figure 5.  
Pe r fec t  Lens (o r  Mir ror ) .  
b) Foucault method. 

I l lumina t ion  Obtained i n  the  Case o f  a 
a) Hi,lbert  t ransform,  

1 .5 .  Case of  a Phase Bulge 

I t  can be seen,  according t o  t h e  preceding paragraph, t h a t  t h e  Hi lbe r t  

transform o f  a cos ine  i s  a s i n e ,  i . e . ,  t h a t  an even funct ion i s  changed i n t o  

an odd func t ion  and v i ce  versa .  

deduced from formula (1) de f in ing  t h e  H i l b e r t  transform. 

This i s  very general  and can be d i r e c t l y  
I t  follows t h a t  

1 2  



when w e  have an ob jec t  c o n s t i t u t e d  by a bulge with symmeTrica1 phase, t h e  

l a t t e r  w i l l  appear i n  the  H i l b e r t  transform i n  t h e  shape of  a dark l i n e  

i n d i c a t i n g  the  p o s i t i o n  o f  t h e  maximum (or  minimum) o f  t h e  phase bulge.  
l o c a l i z a t i o n  is ,  i n  t h i s  case, more p r e c i s e  than i n , t h e  Foucault  method, 

where t h e  phase crest corresponds t o  a zwe o f  paT t i a l  shadow ( rep resen ta t ion  

by glancing i l l umina t ion ) .  

The 

/154 - 

In  t h e  case o f  an asymetr ica l  phase bulge,  t h e  mpthematical study 
i s  more complex. 

phase maximum, but  d i f f e r s  very l i t t l e  from it. 

6 show a volume o f  ho t  a i r  observed by both methods: 

(b) H i lbe r t  transform. 

The dark minimum no longer  corresponds exac t ly  t o  t h e  

The photographs o f  Figure 
(a) Foucault method, 

I t  can be seen t h a t  t h e  dark fringes gre much more con t r a s t ed  i n  t h e  
I 

case of t h e  H i l b e r t  transform method. 

1 .6 .  Comparison with Other V i sua l i za t iop  Methgds 
I 

We p lan  i n  t h i s  paragraph t o  compare The H i l b e r t  t ransform method t o  
o t h e r  usual  methods o f  observat ion of phase d i s t o r t i o n s .  

f a c t  i t s  f i e l d  o f  app l i ca t ion ,  and it i s  i n t e r e s t i n g  t o  see where the  Hi lbe r t  

transform method i s  located relative t a  t h e  othFrs ,  f o r  ns method i s  indeed 

un ive r sa l .  

Each method has i n  

A first method far studying small phase o b j ~ c t s  consists a€ t h e  two-wave 
in t e r f e romet r i c  method, using t h e  Michelson interferometer, for instance, 
In the  case o f  such an in t e r f e romete r  ad jus ted  t o  a f l a t  hue, t h e  i l lumina t ion  
is  i n  t h e  form: 

E = 1 + cos(rp(x) + rpl) 
. I  

rp corresponding t o  t h e  d i f f e r e n c e  i n  opera t ion  between t h e  two arms o f  the  
in te r fe rometer .  The extreme cases which can be obtained correspond e i t h e r  

t o  rpl = 0 ,  P(x) being small, i n  which case w e  tben p r a c t i c a l l y  have E = 1, 

i n  t h e  whole f i e l d ;  o r  t o  So1 = n/2 i n  t h i s  cqse (corresponding t o  t h e  

adjustment with "black background" of t h e  in t e r f e romete r ) ,  t h e  c o n t r a s t  i s  equal 

1 
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t o  cp(x), i . e . ,  very s l i g h t .  The con t r a s t  i s  def ined by; 

where El represents  t h e  i l lumina t ion  i n  t h e  region of t h e  image charac te r ized  

by t h e  phase d i s t o r t i o n  and E2 t h e  i l lumina t ion  of t h e  background. 

In  order  t o  observe such s l i g h t  con t r a s t s ,  t h e  use of a Michelson 

in te r fe rometer  assumes t h a t  we have reference wGve surfaces ,  i . e . ,  mir rors ,  

def ined with a p rec i s ion  c l e a r l y  a b l e  t o  cope with t h e  ser iousness  o f  t h e  

d i s t o r t i o n s  t o  be revealed.  I t  is  not  t he  same with d i f f e r e n t i a l  po la r i za t ion  

interferometers  [I, 31. The l a t t e r  f i v e  exce l l en t  images when phase 
d i s t o r t i o n s  have a r e l a t i v e l y  s h o r t  period, with regard t o  the  size o f  t h e  

objec t  f i e l d .  Nevertheless,  f o r  ob jec t s  with low s p a t i a l  f requencies ,  it is  
easy t o  see t h a t  the  conclusions a r e  similar t o  those  obtained i n  the  case o f  
t h e  Michelson in te r fe rometer .  As a matter of f a c t ,  t h e  method i s  no longer 
appl icable  f o r  it reveals the  wave su r face  t o  be  s tud ied  by i t s  s lopes .  

The method by phase c o n t r a s t  cons i s t s  i n  p lac ing  a small absorbing 

screen i n  t h e  cen te r  o f  t h e  spectrum of  t h e  ob jec t  t o  be s tud ied  gives 
excel len2 r e s u l t s ,  mainly i n  microscopy, but  cannot be appl ied  t o  objec ts  with 

very low s p a t i a l  f requencies  because o f  t he  f i n i t e  s i z e  of  t he  phase capsule 

set  i n  t he  s p e c t r a l  plane.  For t h e  same reason, in te r fe rometer  photography 

(opaque capsule) cannot be appl ied t o  t h i s  type o f  ob jec t .  

In t h e  case of ob jec t s  with low s p a t i a l  f requencies ,  t he  Foucault 

method i s  p r a c t i c a l l y  t h e  only one used. 

appropriate  t o  compare t h e  l a t t e r  with t h e  Hi lbe r t  tyansform method and 

we w i l l  see t h a t ,  genera l ly  Fhe Hi lbe r t  transform method is more s e n s i t i v e  

We have the re fo re  found it  

than t h e  Foucault method. 

When ob jec t s  with low frequencies  are s tud ied ,  a very small l i g h t  source 

must be used. 
t h e  presence o f  dus t s  and s t r a y  r e f l e c t i o n s  i n  t h e  system causes,  consider ing 

t h e  g rea t  temporal coherence o f  t h e  laser,  phenomena o f  i n t e r f e rence ,  whose 
f r inges  i n  t h e  observat ion plane considerably d i s t u r b  the  image observed. 

I t  could poss ib ly  be b e n e f i c i a l  t o  use a laser. However, 

1 4  



. I t  i s  p r e f e r a b l e  i n  t h i s  case t o  use  s tandard sources  which can 

advantageously use a wide spectrum [ 1 2 ] .  

In o rde r  t o  compare both methods, w e  w i l l  assume t h a t  t h e  kni fe  is  centered 
on the  d i f f r acq ion  spot  which is usua l ly  t h e  oase, even with t h e  Foucalt  method, 

during t h e  s tudy of low frequency d i s t o r t i o n s .  In  t h e  case of t h e  Foycault 
method, t h e  f i l t e r  is then repre$ented by t h e  funct ion r (u )  and t h e  percus- 
s iona l  response is ,  according t o  ( 3 ) :  

whence 

EF represents  the  m p l i t u d e  i n  t h e  Faucaultgram. 

Case of a sine-wave ob jec t .  - A sine-wave phase ob jec t  which causes a 
small s h i f t  i n  aper ture  D o f  t h e  ob jec t  f i e l d  i s  considered. The ob jec t  
funct ion is w r i t t e n :  

EE 

whose H i l b e r t  transform i s  : 

t h e  phase s h i f t s  being small Po @ 1 

which i s  wr i t t en  f o r  po in t s  not  loca ted  on t h e  edge of t h e  f i e l d :  

15 



The i l l umina t ion  i n  the  image plane i s  then: 

The phase s inuso id  was transformed i n t o  an amplitude s inusoid  appearing 

with a modulation equal t o  1, at least as long as t h e  second term of  t h e  

r ighthand s i d e  of expreqsion (20) remains n e g l i g i b l e ,  i . e . ,  f o r  po in t s  not  

located a t  t h e  edge of t h e  f i e l d .  

v i s i b i l i t y  of t h e  phenomenon i s  p r e f e r e n t i a l l y  cha rac t e r i zed  by t h e  

'frnodulation" def ined a5 t h e  ra t io :  

Since ;the object is  pe r iod ic ,  t h e  

Tnsofar as the Foucault method i s  concerned, expression (19) allows 
obta in ing  t h e  i l l umina t ion  d i r e c t l y :  

The modulation he re  i s  propor t iona l  t o  2P0 and no longer  equal t o  1 

(we disregarded here  t h e  s f r a y  l i g h t  of the  system). 

which c o n s t i t u t e s  t he  advantage o f  t h e  Hi lbe r t  transform. 

background con t r ibu t ing  t o  a lower modulation i n  the Foucault method i s  

due t o  t h e  term f (x )  i n  e8pression (19)$ a term which d i s a p p e a v  i n  t h e  
case of  t h e  H i l b e r t  transform, In ob jec t ion ,  i t  could be s a i d  t h a t  the 

Foucault method (22) provides  a v a r i a t i o n  of i l l umina t ion  propor t iona l  t o  

t h e  phase po, whereas t h e  H i l b e r t  transform (21) provides  an i l l umina t ion  

propor t iona l  t o p ; .  

photography. 

of t h e  Foucault image w i l l  be very s l i g h t .  

I t  i s  t h i s  d i f f e rence  
The con t inuws  

Hence, we are brought back t o  t h e  case o f  in te r fe rometer  

Indeed, when very small phase sh i f t s  are considered,  t h e  con t r a s t  

Moreover, t h e  analogy between 

the  image obtained by t h e  Hi lbe r t  transform and hy inTerferometer photography 
i s  purely formal s ince :  

a) by the  method o f  in te r fe rometer  photography t h e  image of  low 

frequency o b j e c t s  does not  e x i s t  because o f  t h e  f i n i t e  s ize  o f  the  screen  
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introduced i n t o  t h e  s p e c t r a l  plane;  

b) i n  t h e  case o f  in te r fe rometer  photography, t h e  s t r a y  l i g h t  owing 
t o  t h e  d i f f r a c t i o n  by t h e  edges o f  t h e  opaque screen spreads over  t h e  whole 
f i e l d  and reduces t h e  con t r a s t  considerably [SI whereas i n  the  Hi lbe r t  
transform method, t h e  s t r a y  l i g h t ,  or haze, i s  concentrated on the  edges 
of t h e  f i e l d  i n  shape o f  a luminous r ing .  

I t  can be  shqwn more p r e c i s e l y  t h a t ,  i n  t he  H i l b e r t  transform, t h e  gain 

i n  s e n s i t i v i t y  comes with a decrease of t h e  useful  f i e l d ,  i .e . ,  t h a t  t h e  

luminous r i n g  edging t h e  image? i s  l a r g e r  i n  t h e  case of t he  Hilbert 

transform method than i n  t h e  case o f  t he  Foucault method. 

I f  considerat ion i s  only given the  s t r a y  l i g h t  o f  "d i f f rac t ion"  j u s t  
sxudied and which i s  impossible t o  reduce, t h e  Hi lbe r t  transform method 

o f f e r s  an i n f i n i t e  s e n s i t i v i t y  i n  t h e  cen te r  of t h e  f i e l d .  

t he re  are s c a t t e r i n g s  i n s i d e  opt ical  parts as wel l  as r e f l e c t i o n s  on t h e i r  

sur faces .  
way which can be assumed t o  be uniform, i n  t h e  image and cont r ibu tes  t o  

lower t h e  con t r a s t  (or  modulation) observed. 

In  p r a c t i c e ,  

Consequently, a certain quan t i ty  of l i g h t  i s  d i s t r i b u t e d ,  i n  a 

When M i s  t h e  smallest modulation pe rcep t ib l e  by t h e  observer and E 
P 

s t m y  i l l umina t ion ,  t h e  smallest phase s h i f t  t h a t  t he  Yi lbe r t  transform 
method can d e t e c t  i s  

When we take ,  f o r  example, M = 2% and E = it can be seen t h a t  
P 

the  Hi lbe r t  transform method is  5 times more s e n s i t i v e  than t h e  Foucault 

method. 

Figure 5 shows, i n  t h e  case of  a p e r f e c t l y  t ransparent  ob jec t ,  t he  
i l lumina t ion  according t o  an hor izonta l  diameter given: 

t h e  

a )  by t h e  Hi lbe r t  transform, 

b) by t h e  Foucault method with centered kni fe .  

17 



I t  can be seen beginning with (17) t h a t ,  i n  t h e  case of t h e  I I i l be r t  

transform, only one t h i r d  of t h e  energy i s  loca ted  i n s i d e  the  geometric 

image; whereas t h e  Foucault method leads  t o  t h e  opposiFe r e s u l t ,  i . e . ,  

two-thirds of  t h e  energy i n s i d e  the  geametric image [ l o ] .  

2 .  Practical Solu t ion  o f  t h e  H i l b e r t  Transform, The Real Knife 

In p r a c t i c e ,  t h e  p h q e  k n i v p  used are not p e r f e c t .  They are gene ra l ly  

obtained by depos i t  i n  vacuo o f  a d i e l e c t r i c  l a y e r  whose th ickness  is 

ad jus ted  such t h a t  t he  phase s h i f t  is  n f w  t h e  working wavelength and such 

t h a t  t he  absorpt ion is low. On t h e  o t h e r  hand, t h e  edge of  t h e  phase kn i f e  

does not always cu t  t h e  d i f f r a c t i o n  f i g u r e  exgct ly  the  middle. I t  should 
a l so  be noted t h a t  t he  i l l umina t ion  source used i s  a s l i t  p a r a l l e l  t o  t h e  

edge DE t h e  knife and has a specific width. 

We plan i n  t h i s  p a r t  of t he  r e p o r t  t a  s tudy  the  e f f e c t s  o f  var ious 
parameters 

2.1 .  General Expresslon I of t h e  Response Given by a Phase F i l te r  

We s h a l l  cans ide r  here  t h e  completely gegeral case of  a f i l t e r  
formed by two juxtaposed s p e c t r a l  regions,  no t  having the  same o p t i c a l  
thickness  and no t  showing t h e  sape absorpt ion property.  

t he  complex t ransmi t tance  from one of the  s p e c t r a l  regions with r e spec t  

t o  t h e  o t h e r .  

Let T exp(i0)  be 

Such a f i l t e r ,  used as a phase kn i f e ,  has a tranSmittance: 

where u determines t h e  

regions i n  the  s p e c t r a l  
0 p o s i t i o n  of  t h e  sepa ra t ion  l i n e  of t h e  s p e c t r a l  

plane.  In t h i s  case expressions (3) become: 

r(u - u*) - -- 

The percuss iona l  response of t h e  f i $ t e r  i s  then:  
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When such a f i l t e r  i s  used t o  dea l  with an obje,ct func t ion  f ( x ) ,  t h e  

response of t h e  system i s :  

R{x) = f (x )* r (x )  

o r  aga in ,  when it is d e s i r e d  t o  take i n t o  accouqt t h e  bandpass, l i m i t e d  
toward t h e  h igher  f requencies  ( i . q . ,  when we cpns ider  an ob jec t  po in t  
loca ted  n e a r  a d i scon t inu i ty )  

(x) = f (x)*r (x)*d(x) .  

I t  can be seen that expression (24) COVBTS al l  t h e  poss ib l e  cases o f  
knife  se tups  accsrding t o  t h e  values of 0 and T ,  , p a r t i c u l a r l y :  
free pupi l  

8 = Q  T = l  

phase contrast 

Hilbert tram form 
@ar.nr rF.1 u p 0  

Foucault method 
T = 0. 

The expression (24) w i l l  enable us  t o  s tudy ,  as far as t h e  Hi lbe r t  

transforni i s  concerned, what t he  effects are frop: 

-- a phase s h i f t  s l i g h t l y  d i f f e r e n t  from TT, 

- -  an absorpt ion o f  t h e  phase s h i f t i p g  region,  

-- the  d e c e n t r a l i z a t i o n  o f  a f i l t e r  i n  t h e  ob jec t  spectrum. 

This l as t  po in t  w i l l  enable  us t o  s tudy The effect  o f  t h e  width o f  

t he  i l lumina t ion  source.  

2 . 2 .  Effect o f  t h e  Absorption 

I t  i s  assumed t h a t  one o f  t h e  two regions of t h e  f i l t e r  shows a 
phase s h i f t r r  and an absorp t ion  E, i . e . ,  a tSansmittance T = 1 - E, t h e  
percuss iona l  response becomes 



1 i 
2 ax dx) = - ( E  b(x) - - (2 - .) ) 

whence t h e  response f o r  a func t ion  f(x) 

{ g(x) + i(2 - &)f&) 1 

which takes, of course, t h e  value lfH(x) I when E = 0, 

When t h e  funct ion f ( x )  i s  even o r  odd, real o r  pu re ly  imaginary, t h e  

i l l umina t ion  observed i n  t h e  H i l b e r t  transform E = lf,(x) I i s  then 
symmetrical i n  r e spec t  t o  x = 0 and t h i s  symmetry i s  n o t  a f f e c t e d  by t h e  

absorption of  one of t h e  regions of  t h e  f i l t e r ,  even when t h i s  absorpt ion 

becomes t o t a l  (Foucault) .  

In the  case o f  t h e  p e r f e c t l y  t r anspa ren t  o b j e c t  (51 .4)>  t h e  i n t e n s i t y  
obtained will be depicted by a curve intermediary betweeq t h e  curves 

a) and b) of Figure 5 ,  
i n  t h e  c e n t e r  o f  t h e  f i e ld ,  bu t  t h e  presence of such an absorpt ion w i l l  

be hardly p e r c e p t i b l e  t o  t h e  eye even when using photometric measurements, 

f o r  i t  w i l l  p ~ s s i b l y  be merged with a haze o f  s t r a y  l i g h t .  

The i n t e n s i t y  vi11 no longer  be equal t o  zero 

The illuminatj.ons i n s i d e  and o u t s i d e  t h e  geometric image are 

r e spec t ive1  y 
[e2 + (2 - d2 i 

4** = N - q2 J 

where R1(x) i s  t h e  t h e o r e t i c a l  response (16) 



2 . 3 .  Effect of  an Error  i n  Phase I S h i f t  

When the  phase s h i f t  d i f f e r s  s l i g h t l y  from 8 ,  9 = K - a is 
granted and it is  p a s s i b l e  t o  write the  p e ~ c u s s i o q a l  response [24) i n  t h e  

form 

which leads ,  f o r  an f ( x )  funct ion,  t o  the response 

4 { i o f W  + i(2 - ia&W 1 R ( X ~  

and t h e  i l lumina t ion  observed i n  t h e  image plane i s  

When f(x) i s  even o r  add, seal or purely imaginary, i . e . ,  when t h e  
i l lumina t ion  observed for  a phase s h i f t  s t r i c t l y  equa3, t o  8 i s  symmetrical, 
it may be ascer ta ined  t h a t  t h i s  symmetry no longer  exists when t h e  phase 
s h i f t  d i f f e r s  from ?r. 

As a matter of fact ,  t h e  term from which we take  t h e  r e a l  p a r t  i s  
then odd and no t  purely imaginary, f o r  fE;i i p  odd. 

I t  may be a sce r t a ined ,  t he re fo re ,  t h a t  i n  t h e  case of  t he  p e r f e c t l y  
c i r c u l a r  ob jec t  of 52.4, t h e  image w i l l  no longer  be symmetrical. 

The i l lumina t ions  observed i n s i d e  and ou t s ide  t h e  geometric image w i l l  

be  r e spec t ive ly  
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where 8 (x) is s t i l l  given by t h e  expression (29). 1 

I t  can be seen t h a t  t h e  i l l p i n a t i o n  in t h e  h a l o  loca ted  ou t s ide  o f  t h e  

geometric image is ,  f o r  it,s p a r t ,  always symmetrical. 

2.4. Off-center ing and Width o f  t h e  Source 

First  of a l l ,  it can be  seen t h a t ,  for quest ions of luminosity,  i n  
t h e  double d i f f r a c t i o n  se tup  used, i t  is  poss ib l e  t o  rep lace  t h e  focused 

source So by a s l i t  p a r a l l e l  t o  The d i r e c t i o n  of t h e  phase kn i f e  placed i n  
the  s p e c t r a l  plane.  

adaptat ion nrade by us a t  t h e  same time consider ing the s p e c t r a l  plane 
fouiided by a very e longate  sl i t  made p a r a l l e l  t q  t he  0 axis9 the i l l w n h a t i o n  
following a straight l ine  loca ted  on t h e  ordinate y txnd parallel t o  Ox 

(Figure 23 ,  i s  m l y  a function of the value af t he  ob jec t  funct ion following’ 

t h i s  s t r a i g h t  l i n e  of ordina-te y. When it i s  assumed t h a t  a l l  the  poin ts  
of t h e  source are incoherent,  an i l lumina t ion  can be seen which i s  t h e  
SUK~ oL’ :tie i l lumina t ions  owing t o  each small source component. 
it can bc seen t h a t  t h e  same r e s u l t  i s  produced whether t h e  system i s  

i l luminated with a focused source o r  with a l i n e a r  source.  

Indeed, according t o  The reduct ion theorem, o r  i t s  

Therefore,  

The elongat ion of  the source i n  a d i r e c t i o n  bardllel t o  Oy does not  
change anything concerqing t h e  r e s u l t s  of f i l t r a t i o n  ( i n  p r a c t i c e  we must 
l i m i t  ourselves  t o  a length such t h a t  t h e  aber ra t ions  remain n e g l i g i b l e ) .  

We w i l l  see what e f f e c t  t h e  width of  t h i s  source has on the  problem. For 
t h i s  reason,  we w i l l  f i rst  s tudy t h e  e f f e c t  of an of f -center ing  i n  the  
case o f  an i n f i n i t e l y  t h i n  source; a simple in t eg ra t ion  w i l l  then enable 

us t o  s tudy t h e  effect  o f  t h e  width o f  t h i s  source.  

2 . 4  1. Off-center ing of t h e  Source 

Taken up first is t h e  case of a pe r fec t  system i l lumina ted  by a 
homogeneous wave ( f o r  example, a p e r f e c t  mir ror  working as i t s  cen te r .  
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Using again t h e  c a l c u l a t i o n  of  91.4 t h e  equat ion (15) is w r i t t e n ,  
i r i  thc  Ciisc of  a s l a n t i n g  wave with angle  CL (Figure 7) 

where f ( x )  r ep resen t s  t h e  ob jec t  wqve. Here 

c1 represent ing  t h e  s l a n t  of  t h e  wave, i.?., i n  fact ,  t h e  p o s i t i o n  of t h e  
source.  

.-.-.-.- 

Figure 7. 
Corresponds t o  ac (Outting Angle). 

The Maximal Dip Pf t he  Object Wave 

k similar calculation t o  the one already performed i n  91.4 leads t o  
the general expressiran of the rsssponse 

2 nDlx 
134) 

with 

1 x - -  + C i l a - p I  x - -  I e I ,:I 2 
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where, as previously, Si and Ci mean integral sines and cosines and where 

t h e  illumination received i n  observation plane n is then: 

I t  can be seen that S and C are respectively even and odd functions 
of' x and that, as a consequence, E takes again the same value when we 
change x into -x. 
t o  x = 0 .  

t h e o r e t i c a l  illumination as a function Qf the source position (calculations 
performed on the Univac 1108 in collaboration of S. Slansky at the 
Faculty o f  Sciences of Orsay) ., 

The illumination in the field is symmetrical with respect 
This is shown by the curves of Figure! 8 representing the 

When x tends toward rt D/2 ,  the term C takes an indeterminate value 
and must be replaced, at the same time usin8 the relation Ci z = log z + Y by: 

(37) 
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When CJ tends toward zerd w e  f i nd  agaih,  as the amplitude, t h e  
expression (16) o f  51.4. 

When the bandpass is  not  g r e a t l y  l imi t ed  i n  t h e  s p e c t r a l  p lane ,  we 
have found t h a t  i t  was poss ib l e  t o  cons ider  it i n f i n i t e  provided t h a t  we 
exclude from t h e  s tudy  t h e  p o i n t s  i n  t h e  d i r e c t  v i c i n i t y  o f  t h e  edge of  
t h e  f i e l d .  The express ian  (34) i s  s i m p l i f i e d  and t h e  r e s p w s e  becomes: 

2 . 4 . 2 .  Off-center ing o f  t h e  Knife 

Assuming t h a t  t h e  s p e c t r a l  plane is unl imi ted  i n  o r d e r  t o  avoid too  
burdensome mathematical express ions ,  we w i l l  d i r e c t l y  c a l c u l a t e  t h e  response 

obtained when t h e  f i l t e r  i s  t r a n s f e r r e d  according t o  Ox by a quan t i ty  u 0 '  

The percuss iona l  response of  t h e  off-centered f i l t e r  i s ,  according t o  
(24) : 

x /(x) = rcct - For an ob jec t  Q 

where D r ep resen t s  t h e  s i z e  o f  t h e  f i e l d ,  

(cf. § l - 4 )  i n  t h e  case of  a c i r c u l a r  f i e l d ,  w e  o b t a i n  t h e  response: 

(39) 

which, by i n t e g r a t i o n ,  suggests  
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approximately one exponent ia l  f a c t o r  (which d isappears  when t h e  

i l l umina t ions  are considered) t h i s  expression is i d e n t i q a l  t o  (38 ) .  As a 
matter of fact ,  it is  t h e  same th ing  tp t r a n s f e r  t h e  f i l t e r  with respec t  

t o  t h e  spectrum o r  the  spectrvm (cenTered on the  geometric image o f  t h e  

source) with r e spec t  t o  t h e  f i t t e r .  
t o  q t r a n s f e r  o f  t h e  spectrum i n  s p q t i a l  frequqncies and t h e  replacement 

of  (I by 2suo i n  (383 does l ead  t o  (40). Figure 8 shows t h e  i l l umina t ion  

obtained f o r  d i f f e r e n t  pene t r a t ions  o f  t h e  phase kn i f e .  

A s l a n t  cc of  t h e  wave cosreFponds 

+2 

I 

Figure 8. Off-centering o f  t h e  Rhase Knife by 0.2, 0.5, 
1, 2 and 5 Halfwidths o f  t h e  P i f f r a e t i o n  Spot.  

Case o f  t h e  Foucault Method. I t  i s  only necessary t o  add rect  x/D t o  t h e  /159 
7 

expression (40) t o  ob ta in  t h e  response i n  t h e  case of t h e  Foucault method. 

As a ma t t e r  o f  fact ,  t h i s  answer is  given by: 
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cons ider ing  t h e  r e l a t i o n  

/(%I * gcx) e-'**- = e'*-* 

t h e r e f o r e  

i 

which is t h e  expression obtained by Linfoot [ lo].  
2 . 5 .  Wide Source 

I 

I n  o rde r  t o  c a l c u l a t e  t h e  effect  o f  t h e  width of  t h e  source s l i t  it i s  

poss ib l e  t o  use t h e  general  theory  o f  p a r t i a l  coherency [8] .  However, i t  is  
easier t o  use t h e  r e s u l t s  obtained i n  t h e  previous paragraph. 

By assuming t h a t  t h e  source s l i t  is  i l lumina ted  i n  a completely incoherent  

way, it i s  poss ib l e ,  by simple i n t e g r a t i o n ,  t o  calculate t h e  i l l umina t ion  

obtained i n  t h e  case o f  a source s l i t  with angular  width a 

i n  t he  observat ion plane i s  then given by: 

The i l l umina t ion  0' 

where E ( x , a )  is  t h e  expression given by (36). 

The curves o f  Figure 9 r ep resen t  t h e  i l l umina t ion  obtained f o r  var ious 

values  o f  source width. 
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Figure 9 ,  Ef fec t  of t h e  Source Width. I l lumina t ions  obtained 
f o r  t h e  width of 0.2,  0,5, 1, 2 and 5 halfwidth o f  t h e  d i f f r a c -  
t i o n  s p o t ,  

Comment 

The problem of an axial t r a n s f e r  of phase k n i f e  was no t  s tud ied  he re ,  

As a matter of  fact ,  when f o r  it can be considered i n  two d i f f e rene  ways, 

t he  defocusing i s  considerable ,  the s tudy can be c a r r i e d  out geometr ical ly  
and we can r e t u r n  t o  t h e  case of t h e  "Minimurnstyahlenzeichnung" [2,  IS]. 
On the  o t h e r  hand, when t h e  defocusing i s  s \ i g h t ,  t he  d i f f r a c t i o n  must 

become a f a c t o r  and we €ace t h e  case of g s l i g h t  focusing d i s t o r t i o n .  

s tudy o f  t h i s  l o g i c a l l y  belongs wi th in  the  l a r g e r  context  of  t h e  study 
of  small abe r ra t ioqs ,  a chapter  deserving special study. 

The 

3.  Experimental Resul ts  

In t h i s  paragraph we s h a l l  provide some experimental f ipd ings  confirming 
the  preceding s tudy ,  

well  pol ished mir ror  M working f o r  a poin t  close t o  i t s  c e n t e r  [Figure 10).  

The l i g h t  source was a mercury vapor lamp, i l lumina t ing  a t h i n  s l i t  E .  
A l ens  0 s e t  behind t h e  phase s h i f t i n g  blade L formed t h e  image o f  t h e  mir ror  

i p  plane II where was arranged e i t h e r  a photographic p l a t e ,  o r  a g l a s s - f i b e r  
eyepiece connected to a photomul t ip l ie r  and a p l o t t i n g  table allowing 

scanning of the f i e l d  and measuring of  i lfumlGation of any poin t .  

The experimental s tudy was c a r r i e d  out using a very 
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Figure 1.0. Experimental Setup. 

Figure 11 shows t h e  H i l b e r t  trans€orm o f  t h e  uniformly i l lumina ted  
mir ror .  FiguSe 1 2  shows the  recording by means of a photomul t ip l ie r  o f  t h e  
i l l umina t ion  following along one ho r i zon ta l  diameter o f  Figure 11. 

he ight  o f  t h e  peaks i s  s l i g h t l y  less than t h a t  p red ic t ed  by the  t h q o r e t i e a l  

s tudy ,  
by t h e  g l a s s  f i b e r  whose diqmeter is  7 2 p ,  a d ,  on t h e  o t h e r  hand, t o  t h e  
width (not  equal t o  zero) of  t h e  s l i t  used. 
i l l umina t ion  observed i n  t h e  absence of t h e  phase s h i f t i n g  blade (it i s  
indeed very important t o  check before  any measurement whether o r  not  t h e  
f i e l d  i s  upifprmly l i g h t e d ,  otherwise the  results are wor th less ) .  

The 

However, t h i s  i s ,  on one hand, owing t o  t h e  i n t e g r a t i o n  performed 

Figure 12b oorresponds t o  t h e  

/160 - 

In o r d e r  t o  s tudy t h e  effect of  phgse Sh i f t i ng ,  we used a b lade  formed 
by a d i e l e c t r i c  depos i t  produced iq  vacuo and whose th ickness  produced a 

phase s h i f t  less than IT. By s l a n t i n g  t h e  blade more o r  less, it was 
/161 poss ib l e  t o  achieve d i f f e r e n t  phase s h i f t s  on both s i d e s  I of t h e  t h e o r e t i c a l  - 

value corresponding t o  t h e  Hi lbe r t  transfqrm. 
r e s u l t s  obtained f o r  phase s h i f t s  varying between 164" and 185". I t  can be 

seen t h a t  t he  dissymmetry changes s i d e  when t h e  phas& s h i f t  becomes g r e a t e r  

than TT. The r e s u l t  ob ta ined  i s  q u i t e  c o n s i s t e n t  with t h e  t h e o r e t i c a l  study 

and shows that t h e  f i l ter  must be made witb p rec i s ion ,  s ince  g d i f f e rence  

o f  5' i n  t h e  phase i s  c l e a r l y  pe rcep t ib l e .  

Figure 13 shows the  

Figures 14, 15, and 16 confirm t h e  t h e o r e t i c a l  r e s u l t s  r e l a t i v e  t o  

t h e  effect o f  o f f - cen te r ing  and source width. 

Figure 14 corresponds t o  t h e  case of a very t h i n  source,  t h e  k n i f e  being 
centered i n  t h e  s p e c t r a l  plane.  
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Figure 11. Hi lbe r t  Transform of a Plane and Homogeneous Wave. 

1 

Figure 12 .  
b) of t h e  Image without t he  Phase Sh i f t i ng  Blade. 

Photometric Scanning, a) of  t h e  Hi lbe r t  Transform, 
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' Figure 13. 
d) Above A .  

a) - b) Phase Sh i f t i ng  Below n, c) Equal t o  T, 

... 

Figure 14. H i l b e r t  T r a m f o p  of a Spher ica l  Wave f o r  a 
Small Light Source Completely Centered, 

Figures 15a, 15b, and 15c show repseo t iye ly  the  r e s u l t s  obtained f o r  
of f -center ing  t h e  phase kni fe  by 0.2* $ and 10 times t h e  halfwidth of t h e  
d i f f r a c t i o n  spot  i n  t h e  s p e c t r a l  plane. These r e s u l t s  should be compared 

with t h e  t h e o r e t i c a l  curve? of  Figure 8. 

0.2 and 0.5 t imes t h e ' d i f f r a c t i o n  half spot. Progress ive ly  as t h e  width of  

t he  source increases ,  t h e  center of t h e  image is i l lumina ted  as predic ted  by 

Figures 16a and 16b show t h e  erEfecT of the width o f  source f o r  widths 

t h e  curves of Figure 9.  
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b 
Figure 16. 
Spot of t h e  Di f f r ac t ion .  

The Light Source Used has a Width 0.2 and 0.5 Times t h e  Half 
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Conclusion 

After showing t h a t  it was poss ib l e ,  on a s i n g l e  basis, t o  so lve  the  

Hi lbe r t  transform i n  o p t i c s ,  it was found t h a t  t h e  se tup  so lv ing  t h i s  
transform cont r ibu ted  t o  t h e  v i s u a l i z a t i o n  9f small phase d i s t o r t i o n s .  

I t  was then endeavored t o  s tudy t h e  effect of d i f f e r e n t  parameters which 
Indeed, it i s  n o t  poss ib l e  i n  p r a c t i c e  could modify t h e  t h e o r e t i c a l  r e s u l t s .  

t o  make f i l ters ,  f o r  example, which can exac t ly  s h i b  phase by 180'. 

it was poss ib l e  t o  see t h a t ,  when phase s h i f t i n g  has t o  be done with 
p rec i s ion ,  a s l i g h t  absorp t ion  i s  not  harmful. 

Thus, 

The effect of t h e  p o s i t i o n  of  t h e  f i l t e r  and width of  l i g h t  source 
en s tud ied .  The experimental r e s u l t s  obtained confirm t h e  t h e o r e t i c a l  

fo recas t s .  
der ived from t h i s  method f o r  t h e  observat ion of small phase d i s t o r t i o n s ,  
p a r t i c u l a r l y  i n  t h e  case of geometric abe r ra t i ans .  

A l a t e r  s tudy w i l l  endeavor t o  a9ce r t a in  what advantages can be 
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